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Abstract
A geometric interpretation of the Berry phase and its Wilczek–Zee non-Abelian
generalization are given in terms of connections on principal fiber bundles. It is
demonstrated that a principal fiber bundle can be trivial in all cases, while the
connection and its holonomy group are nontrivial. Therefore, the main role is played
by geometric rather than topological effects.
1 Introduction
Berry’s phase [1] attracts much interest of theoreticians and experimenters for a long
time. The interest is due to two circumstances. First, the nontrivial geometric object – the
U(1)-connection – arises naturally when solving the Schro¨dinger equation in nonrelativistic
quantum mechanics. Second, there is a widespread opinion in gauge field theory that only
gauge field strength rather than gauge potentials themselves which are not gauge invariant
can produce the observable effects. Contrary to this opinion, M. Berry demonstrated that
the integral of a gauge field along a closed loop could produce observable effects. This
conclusion was soon confirmed experimentally.
The notion of the Berry phase was generalized to the non-Abelian case corresponding
to degenerate energy levels of a Hamiltonian by Wilczek and Zee [2]. In this case, non-
Abelian U(r)-gauge fields naturally arise when solving the Schro¨dinger equation.
In all cases mentioned above, the observable effects are produced by elements of the
holonomy group of corresponding connections. There is no disagreement at this point.
However, there is no common opinion on the geometric interpretation. B. Simon [3] and
other authors considered the gauge field as a connection on an associated fiber bundle.
Since in general the typical fiber of the associated fiber bundle is an infinite dimensional
Hilbert space, specific difficulties arose. Important and interesting constructions con-
nected to characteristic classes are related to the existence of global sections of associated
fiber bundles rather than to the Berry phase itself. Moreover, definite topological ob-
structions arose for the existence of global sections. Therefore, the judgement that the
Berry phase has its origin in topology is widespread in the literature.
In the present paper, a geometric interpretation of the Berry phase in terms of the
connection theory on a principal fiber bundle is given. There are no difficulties related to
∗E-mail: katanaev@mi.ras.ru
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infinite dimensional manifolds in this approach, because typical fibers are U(1) or SU(r)
groups which are finite-dimensional Lie groups. It is demonstrated that the principal
fiber bundle can be trivial while the connection arising on it has generally a nontrivial
holonomy group and therefore leads to observable effects. As a consequence, the Berry
phase has its origin in geometry rather then in topology. Moreover, the existence of global
sections on associated fiber bundles is not a necessary condition. If a global section is
absent, then the local connection forms are defined on a coordinate covering of the base
of the principal fiber bundle defining the unique connection on the principal fiber bundle
up to an isomorphism.
2 Abelian case: nondegenerate state
We describe the problem considered by M. Berry [1] in its simplest case.
Let the Hilbert space H of a quantum mechanical system be finite dimensional and
the Hamiltonian H = H(λ) depend sufficiently smoothly on a point of a manifold λ ∈M
of dimension dimM = n. If we choose a coordinate neighborhood U ⊂ M on M, then
the Hamiltonian will depend on n parameters λk, k = 1, . . . , n, (coordinates of a point
λ). Assume that the position of point λ on M depends on time t according to a given
prescription, i.e., the Hamiltonian depends on a curve λ(t), t ∈ [0,∞]. Parameterization
of the curve by a semiinfinite interval corresponds to the adiabatic limit [4, 5] (see also
[6]) where t → ∞. We assume also that the Hamiltonian depends on time only through
the point λ(t) ∈M.
We consider the eigenvalue problem
Hφ = Eφ, E = const,
where φ ∈ H for all λ ∈ M. Suppose there exists nondegenerate energy eigenvalue E
which depends sufficiently smooth on λ ∈ M. The eigenfunction φ(λ) is also assumed to
be a sufficiently smooth function on λ. Without loss of generality, we suppose that the
eigenfunction φ is normalized to unity, (φ, φ) = 1. Then it is unique up to multiplication
on a phase factor which can be λ-dependent. We fix somehow this phase factor.
Then we solve the Cauchy problem for the Schro¨dinger equation [7, 8]
i~
∂ψ
∂t
= Hψ, (1)
where ~ is the Plank constant, with the initial condition
ψ|t=0 = φ0, (2)
where φ0 := φ
(
λ(0)
)
. We set ~ = 1 and denote the partial derivative with respect to time
by dot, ψ˙ := ∂tψ.
In the adiabatic approximation, a quantum system during evolution remains in the
eigenstate corresponding to energy level E(λ). Therefore, we seek solution in the form
ψ = eiΘφ,
where Θ = Θ(t) is some unknown function on time. Then the Schro¨dinger equation
implies equation for the phase
Θ˙ = i(φ, φ˙)− E
2
with the initial condition Θ|t=0 = 0. Since φ˙ = λ˙
k∂kφ, the solution to the Cauchy problem
for Eq.(1) is
Θ =
∫ t
0
dtλ˙kAk −
∫ t
0
dsE
(
λ(s)
)
=
∫ λ(t)
λ(0)
dλkAk −
∫ t
0
dsE
(
λ(s)
)
, (3)
where we introduced notation
Ak(λ) := i(φ, ∂kφ) (4)
and the integral over λ is taken along the curve λ(t).
Thus, integral (3) in the adiabatic approximation yields the solution of the Cauchy
problem for Schro¨dinger equation (1) with initial condition (2). The first term in Eq.(3)
is called the geometric or Berry phase, and the second term is called the dynamical phase.
Note that components (4) are real because of normalization of the wave function.
Indeed, differentiation of the normalization condition (φ, φ) = 1 yields the equality
(∂kφ, φ) + (φ, ∂kφ) = (φ, ∂kφ)
† + (φ, ∂kφ) = 0.
It implies that components (4) and hence the Berry phase are real.
We consider now a set of closed curves λ ∈ Ω(M, λ0) on a parameter manifold M with
the beginning and end at the point λ0 ∈ M. Then the total change of the phase of the
wave function is equal to the integral
Θ = Θb −
∫ ∞
0
dtE
(
λ(t)
)
,
where
Θb =
∮
γ
dλkAk. (5)
The dynamical part of the wave function phase diverges. However, we observe in exper-
iments a difference in phases of two eigenvectors with the same dynamic phase which is
determined by the Berry phase. Therefore, we consider the Berry phase in more detail.
The Berry phase (5) has simple geometric interpretation, namely, we have a principal
fiber bundle P
(
M, pi,U(1)
)
whose base is the parameter manifold λ ∈ M, the structure
group is U(1) (phase of the state vector eiΘ), and pi : P → M is the projection [9]. The
vector in the Hilbert space φ ∈ H represents a local cross section of the associated fiber
bundle E
(
M, piE,H,U(1),P
)
whose typical fiber is the Hilbert space H and piE : E → M
is the projection.
Consider a change in the local cross section of the associated bundle which is produced
by multiplication of a vector in the Hilbert space on a phase factor (vertical automorphism)
φ′ = eiaφ,
where a = a(λ) ∈ C2(M) is an arbitrary doubly differentiable function. Then components
(4) are transformed according to the rule
A′k = Ak − ∂ka.
Comparing this rule with the transformation of components of a local connection form
[9], wee see that the fields Ak(λ) can be interpreted as components of a local connection
form for the U(1) group. In other words, Ak(λ) is a gauge field for the one-dimensional
unitary group U(1). If the base of the associated fiber bundle E
(
M, piE,H,U(1),P
)
is
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covered by some set of coordinate charts, M = ∪jUj , then a set of sections given on each
coordinate chart Uj defines a family of local connection forms on the principal fiber bundle
P
(
M, pi,U(1)
)
. A family of local connection forms dλkAk defines the unique connection
on P up to an isomorphism [9].
Let us recall the expression for an element of the holonomy group in terms of the
P-exponent [10]. In the present case, the group U(1) is Abelian, and the P-exponent
coincides with the conventional exponent. Therefore, the Berry phase (5) defines the
element eiΘb of the holonomy group Φ(λ0, e) ⊂ U(1) of the principal fiber bundle at the
point (λ0, e) ∈ P corresponding to zero cross sectionM ∋ λ 7→ (λ, e) ∈ P where λ0 := λ(0)
and e is the unit of the structure group U(1). The cross section is the zero cross section
because at the initial moment of time the Berry phase vanishes, Θb|t=0 = 0. The local
connection form dλkAk corresponds also to zero cross section.
If the base M is simply connected, then expression (5) for the Berry phase can be
rewritten as a surface integral of the local curvature form. Using the Stokes formula, we
obtain the following expression:
Θb =
1
2
∫∫
S
dλk ∧ dλlFkl, (6)
where S is a surface in M with the boundary γ ∈ Ω(M, λ0) and Fkl = ∂kAl − ∂lAk are
components of the local curvature form (gauge field strength). If the baseM is not simply
connected, then the expression for the Berry phase as a surface integral (6) is valid only
for those curves which are contractible to a point.
2.1 Spin 1/2 particle in the magnetic field
As an example, we calculate the Berry phase for a spin 1/2 particle in an external homo-
geneous magnetic field. This example is a particular case of a particle of arbitrary spin
in an external homogeneous magnetic field [1]. In nonrelativistic quantum mechanics, a
spin 1/2 particle is described by a two-component wave function
ψ =
(
ψ+
ψ−
)
.
We assume that it is located in the Euclidean space R3 with a given homogeneous magnetic
field. Let the strength of the magnetic field Hk(t), k = 1, 2, 3, do not depend on space
point but change in time t according to some prescribed fashion. For simplicity, we
disregard also the kinetic energy of a particle and assume that other fields are absent.
In this case, the Hilbert space H is two-dimensional, and the Hamiltonian of a particle
consists of one term which is equal to the interaction term of magnetic momentum of a
particle with external magnetic field (for example, see [11, 5]),
H = −µHkσk,
where σk are the Pauli matrices and µ is the magneton (dimensional constant which is
equal to the ratio of the magnetic momentum of the particle to its spin). To write the
Hamiltonian in the form considered above, we introduce new variables λk = −µHk. Then
the Hamiltonian is
H = λkσk =
(
λ3 λ−
λ+ −λ3
)
, (7)
where λ± = λ1 ± iλ2.
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Eigenvalues of Hamiltonian (7) are found from the equation
det(H −E1 ) = 0,
which has two real roots
E± = ±|λ|, (8)
where
|λ| =
√
(λ1)2 + (λ2)2 + (λ3)2
is the length of the vector λ = {λk} ∈ R3. It can be easily shown, that the equation for
eigenfunctions
Hφ± = E±φ±,
has two solutions
φ± =
1√
2|λ|


±
λ−√
|λ| ∓ λ3√
|λ| ∓ λ3

 . (9)
The factor in the expression derived is chosen in such a way that the eigenfunctions are
normalized on unity
(φ±, φ±) = 1.
Thus Hamiltonian (7) for the 1/2 spin particle in the external homogeneous magnetic
field has two nondegenerate eigenstates (9) corresponding to energy levels (8).
For further calculations in the parameter space λ ∈ R3, it is convenient to introduce
spherical coordinates |λ|, θ, ϕ:
λ1 = |λ| sin θ cosϕ,
λ2 = |λ| sin θ sinϕ,
λ3 = |λ| cos θ.
Then the eigenfunctions assume the form
φ+ =

cos θ2 e−iϕ
sin θ
2

 , φ− =

− sin θ2 e−iϕ
cos θ
2

 .
Admit that the experimenter observing the particle varies differentiably the homoge-
neous magnetic field with time. That is, the parameters λk(t) in the Hamiltonian depend
differentiably time. Assume also that the particle was in the state φ+ at the initial moment
of time t = 0. The corresponding solution of Schro¨dinger equation (1) in the adiabatic
approximation is
ψ = eiΘφ+,
where the phase Θ is defined by Eq.(3). Components of the local connection form Ak =
i(φ+, ∂kφ+) for the eigenstate φ+ are easily calculated
A|λ| = 0, Aθ = 0, Aϕ = cos
2 θ
2
. (10)
The respective local curvature form has only two nonzero components:
Fθϕ = −Fϕθ = −
1
2
sin θ.
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Now we calculate the Berry phase for a closed curve in the parameter space γ = λ(t) ∈ M:
Θb =
∮
γ
dλkAk =
1
2
∫∫
S
dλk ∧ dλlFkl =
=
∫∫
S
dθ ∧ dϕFθϕ = −
1
2
∫∫
S
dθ ∧ dϕ sin θ = −
1
2
Ω(γ),
(11)
where S is a surface in R3 with the boundary γ and Ω(γ) is the solid angle under which
the surface S is seen from the origin of the coordinate system.
If the particle is in the state φ− at the initial moment of time, the calculations are
similar. In this case,
A|λ| = 0, Aθ = 0, Aϕ = sin
2 θ
2
,
and components of the local curvature form differ by the sign:
Fθϕ = −Fϕθ =
1
2
sin θ.
Therefore, the Berry phase differs also only by the sign.
Thus, if the particle was in one of the states φ± at the initial moment of time, then
after variation of the homogeneous magnetic field along closed curve λ(t), its wave function
acquires the phase factor whose geometrical part is
Θb± = ∓
1
2
Ω(γ), (12)
where Ω(γ) is the solid angle under which the closed contour γ is seen from the origin
of coordinates. This result is valid in the adiabatic approximation when parameters λ(t)
change slowly with time. Expression (12) for the Berry phase was confirmed experimen-
tally [12] for the scattering of polarized neutrons in a spiral magnetic field.
The homogeneous magnetic field in the above-considered example can have an ar-
bitrary direction and magnitude. Therefore, the base M of the principal fiber bundle
P
(
M, pi,U(1)
)
coincides with the Euclidean space M = R3. Hence, the principal fiber
bundle P is trivial, P ≈ R3 × U(1). For the Berry phase, the connection on this fiber
bundle is given by the section of the associated fiber bundle, for example, φ+ which is
obtained by solving the Schro¨dinger equation. It is easily checked that this section (9)
has a singularity on the positive half-axis λ3 ≥ 0. The components of local connection
form (10) in the Cartesian coordinates have the form
A1 =
∂ϕ
∂λ1
Aϕ = −
sinϕ cos θ
2
2|λ| sin θ
2
,
A2 =
∂ϕ
∂λ2
Aϕ =
cosϕ cos θ
2
2|λ| sin θ
2
,
A3 =
∂ϕ
∂λ3
Aϕ = 0.
(13)
At this point, we are obliged to use Cartesian system of coordinates, because the spherical
system of coordinates are singular on the λ3 axis and is unsuitable for an analysis of
singularities located here. We see that the components of the local connection form are
6
singular on the positive half-axis λ3 ≥ 0 together with the vector φ+. Now we calculate
the components of the local form of the curvature tensor. All its components are nonzero:
F12 = −F21 = −
cos θ
2|λ|2
,
F13 = −F31 =
sin θ sinϕ
2|λ|2
,
F23 = −F32 = −
sin θ cosϕ
2|λ|2
.
Finally, we calculate the square of the curvature tensor which is the geometric invariant:
F 2 = 2
(
F 212 + F
2
13 + F
2
23
)
=
1
2|λ|4
.
Thus, the curvature form is singular only at the origin of coordinates.
Let us return to our principal fiber bundle R3×U(1). The local connection form (13)
is not defined on it, because it is singular on the half-axis λ3 ≥ 0 which we denote {λ3+}.
Hence, to construct a principle fiber bundle with the given connection, we have to remove
the inverse image pi−1
(
{λ3+}) where pi : R
3 × U(1) → R3 is the natural projection. As a
result, we get the trivial fiber bundle
(
R3 \ {λ3+}
)
× U(1) which is the subbundle on the
initial one. Local connection form (13) is smooth on this principal fiber bundle.
We may get another way out. Since the magnetic field is external, then we can assume
that it varies, for eaxample, in the half space R3+ defined by the inequality λ1 > 0. The
corresponding principal fiber bundle is trivial P ≈ R3+ × U(1), because the half space
R3+ is diffeomorphic to all Euclidean space R
3. In this case, no problem arise with the
definition of the connection, because local connection form (13) is smooth. At the same
time, previous expression (12) for the Berry phase is valid.
Thus, the Berry phase is the geometric rather then topological notion, because the
topology of the principal fiber bundle is trivial. It arises due to nontrivial connection
defined by cross sections of the associated fiber bundle.
2.2 Non-Abelian case: degenerate state
The notion of the Berry phase was generalized to the case when energy levels of the
Hamiltonian are degenerate [2]. In this case, the principle fiber bundle P
(
M, pi,U(r)
)
with the structure group U(r), where r is the number of independent eigenfunctions
corresponding to the degenerate energy level E, appears when solving the Schro¨dinger
equation. Here we describe this construction in detail.
We suppose that the Hamiltonian of a quantum system depends on a point of some
manifold λ(t) ∈M as was assumed earlier. Let E be a degenerate eigenvalue of a Hamil-
tonian H with r independent eigenfunctions φa, a = 1, . . . , r,
Hφa = Eφa
for all moments of time. We assume that E(λ) and φa(λ) are differentiable functions at
a point λ of the manifold, and the number of eigenfunctions r does not change in time.
The eigenfunctions can be chosen orthonormalized
(φa, φb) = δ
a
b ,
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where δba is the Kronecker symbol and φb = φ
aδab. We search for solution ψ
a of the Cauchy
problem for Schro¨dinger equation (1) with the initial condition
ψa(0) = ψa0 = φ
a
(
λ(0)
)
.
That is, the system is in one of the eigenstates φa at the initial moment of time. In the adi-
abatic approximation, solution ψa is the eigenstate of the HamiltonianH(λ) corresponding
to the energy value E(λ) for all moments of time. Therefore it can be decomposed with
respect to eigenfunctions of the degenerate state
ψa = U−1abφ
b, (14)
where U(λ) ∈ U(r) is some unitary matrix which depends differentiably on the point
λ ∈M.
The unitarity of the matrix U is dictated by the following circumstance. Consider
solutions ψa for all values of index a = 1, . . . , r. Differentiating the scalar product (ψa, ψb)
with respect to time and using the Schro¨dinger equation, we obtain equation
∂
∂t
(ψa, ψb) = −i(ψ
aH,ψb) + i(ψ
a, Hψb) = 0.
The last equality follows from the self-adjointness of the Hamiltonian. As a consequence,
if vectors ψa0 = φ
a
(
λ(0)
)
are orthonormalized at the initial moment of time, then the corre-
sponding solutions of the Schro¨dinger equation remain orthonormalized for all subsequent
moments of time. Hence the matrix U in decomposition(14) is unitary.
The Schro¨dinger equation for solution (14) is reduced to equation
iU˙−1bcφ
c + iU−1bcφ˙
c = HU−1bcφ
c.
Let us take the scalar product of the left and right hand sides with φa. As a result, we
derive equation for the unitary matrix
U˙−1ba = λ˙
kU−1bcAka
c − iEU−1ba, (15)
where we have introduced the following notation:
Aka
c := −(∂kφ
c, φa). (16)
Orthonormality of eigenfunctions φa implies antiunitarity of components Aka
b for all
k = 1, . . . , n if indices a and b are considered as matrix ones. Indeed, differentiating the
orthonormality condition (φb, φa) = δ
b
a we obtain equality
(∂kφ
b, φa) + (φ
b, ∂kφa) = (φ
a, ∂kφb)
† + (φb, ∂kφa) = 0.
That is, matrices Ak are antiunitary and therefore belong to the Lie algebra u(r). Conse-
quently, the matrices Ak define 1-forms in some neighborhood U ⊂ M with values in the
Lie algebra, as components of a local connection form.
The initial condition for the unitary matrix has the form
U−1ba|t=0 = δ
b
a.
The solution of the Cauchy problem for Eq.(15) can be written as the P-product
U−1(t) = P exp
(∫ t
0
dsλ˙k(s)Ak(s)− i
∫ t
0
dsE
(
λ(s)
))
=
= P exp
(∫ λ(t)
λ(0)
dλkAk
)
× exp
(
−i
∫ t
0
dsE
(
λ(s)
))
,
(17)
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where we have omitted matrix indices for simplicity.
The first factor is the generalization of the Berry phase to the case of degenerate states,
and the second factor is the dynamical phase. The dynamical phase has the same form
as for the nondegenerate state.
The first factor in solution (17) represent of Wilczek–Zee unitary matrix
U−1
wz
= P exp
(∫ λ(t)
λ(0)
dλkAk
)
, (18)
which can be given the following geometric interpretation. We have the principal fiber
bundle P
(
M, pi,U(r)
)
with the structure group U(r) (transformation (14)). The set of
eigenfunctions φa is the cross section of the associated fiber bundle E
(
M, piE,H
r,U(r),P
)
with the typical fiber being the tensor product of Hilbert spaces
H
r := H⊗ . . .⊗H︸ ︷︷ ︸
r
.
Under the vertical automorphism given by the unitary matrix U(λ) ∈ U(r),
φ′a = U−1abφ
b, φ′a = U
b
aφb,
fields (16) transform according to the rule
A′k = U
−1AkU + U
−1∂kU, (19)
where we have omitted matrix indices. It implies that the fields Ak can be interpreted as
components of the local connection form or Yang–Mills fields. A set of these components
given on a coordinate covering of the base M defines uniquely the connection on the
principal fiber bundle P
(
M, pi,U(r)
)
.
If the path is closed, λ ∈ Ω(M, λ0), then the unitary Wilczek–Zee matrix (18) rep-
resents the element of the holonomy group U−1
wz
∈ Φ(λ0, e) at the point (λ0, e) ∈ P
corresponding to the zero cross section M ∋ λ 7→ (λ, e) ∈ P where λ0 := λ(0) and e is the
unity of the structure group U(r).
So the principal fiber bundle P
(
M, pi,U(r)
)
arises in the case of a degenerate energy
level of the Hamiltonian. In the above-considered case, the base M is the parameter
manifold λ ∈ M with the Hamiltonian being dependent on its point. We suppose that
this manifold is finite dimensional. The structure group is the unitary group U(r) which
is also finite dimensional. The connection on the principal fiber bundle is defined by
the cross sections of the associated bundle E
(
M, piE,H
r,U(r),P
)
. Generally, the typical
fiber of the associated fiber bundle can be infinite dimensional Hilbert space Hr. In the
present paper we do not consider infinite dimensional manifolds to avoid difficulties which
can arise [13]. Nevertheless, in our case everything that is needed is the transformation
formulas for components of local connection form (19) which can be easily checked in
each particular case. If the associated bundle is not diffeomorphic to the direct product
M×Hr, then the state of a quantum system is given by a family of local cross sections on
a coordinate covering of the base M. It defines a family of local connection forms (16). In
its turn, the family of local connection forms defines a connection on the principal fiber
bundle P
(
M, pi,U(r)
)
uniquely up to an isomorphism.
We see once again that principal and associated fiber bundles can be trivial or not
depending on the problem under consideration. The connection on the principal fiber
bundle P
(
M, pi,U(r)
)
can be nontrivial and imply nontrivial Wilczek–Zee matrix (18)
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describing parallel transport of fibers along a path on the base λ(t) ∈ M even for trivial
bundles. This observation confirms its geometric rather than topological origin. For
closed paths λ ∈ Ω(M, λ0) with the beginning and end at a point λ0 ∈ M, the Wilczek–
Zee matrix defines the element of the holonomy group Uwz ∈ Φ(λ0, e) ⊂ U(r).
For simplicity, we assumed the Hilbert space for the Berry phase and Wilczek–Zee
matrix to be finite dimensional. This assumption can be essentially relaxed. The formulas
obtained are valid for all levels for which the adiabatic theorem holds, that is, it must be
an isolated level with the energy level separated from all the rest of the spectrum.
3 Conclusions
In this paper, we have considered the Berry phase and its non-Abelian generalization by
Wilczek and Zee. These effects are demonstrated to be the consequences of nontrivial
connections on the principal fiber bundles which define the nontrivial holonomy group.
At the same time, the topology of the principal fiber bundle can be trivial. Therefore, the
considered effects are not topological as they are often called in modern physical literature
but rather geometric effects.
The interpretation proposed in the paper contains nothing except differential geometric
notions. In a geometric interpretation of mathematical physics models, one has to take
into account that a connection exists on any principal fiber bundle independently of
the topology of the base [9]. Moreover, if a family of local connection forms is given
on an arbitrary closed submanifold of the base of some principal fiber bundle, then the
corresponding connection can always be extended to the whole principal fiber bundle.
This can be done in many ways. A connection defines the holonomy group which is
nontrivial in the general case.
In experiments on testing the existence of the Berry phase, the observable effects are
produced not by the whole holonomy group but a fixed element of the holonomy group
which depends on the connection and the closed contour. The topology of the base can
be trivial or not, it does not play any role. If the topology is trivial, then the contour can
be contracted to a point. The effect disappears in this case, because the corresponding
element of the holonomy group tends to the unity element, and this is quite natural from
the physical point of view.
A connection on the principal fiber bundle defines connections on all fiber bundles
which are associated with it. In particular, if the typical fiber is an infinitely dimensional
Hilbert space, then the connection is also defined. At present, the interpretation of the
Berry phase, as a rule, is reduced to consideration of a connection on an associated fiber
bundle, and this forces one to consider infinite dimensional manifolds and to take into
account the related subtleties. From our point of view, the interpretation of the geometric
effects in terms of connections on principal fiber bundles is simpler and more natural.
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